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We solve a model that desribes an interating eletron gas in the half-lled lowest Landau level
on a thin torus, with radius of the order of the magneti length. The low energy setor onsists of
non-interating, one-dimensional, neutral fermions. The ground state, whih is homogeneous, is the
Fermi sea obtained by lling the negative energy states and the exited states are gapless neutral
exitations out of this one-dimensional sea. Although the limit onsidered is extreme, the solution
has a striking resemblane to the omposite fermion desription of the bulk ν = 1/2 statethe
ground state is homogeneous and the exitations are neutral and gapless. This suggests a one-
dimensional Luttinger liquid desription, with possible observable eets in transport experiments,
of the bulk state where it develops ontinuously from the state on a thin torus as the radius inreases.
PACS numbers: 73.43.Cd, 71.10.Pm, 75.10.Pq
It was observed by Jiang et al in 1989 that the quan-
tum Hall (QH) system has a metalli behavior at lling
fration ν = 1/2 σxx is nite and sample dependent as
T → 0, whereas σxy is unquantized and approximately
equal to its lassial value [1℄. Early experiments also
showed that there is a large density of low energy states
[2℄, but no nonloal transport [3℄.
The metalli ν = 1/2 state was suessfully desribed
by Halperin, Lee and Read [4℄, who introdued a mean
eld theory where the external magneti eld is anelled
by a smeared out statistial eld, resulting in omposite
fermions [5℄ moving in a zero eldie in a two dimen-
sional free fermion gas with a Fermi surfae. This piture,
as well as Jain's general onept of omposite fermions,
was spetaularly onrmed by surfae aousti wave ex-
periments performed by Willett et al [6℄, and by ballisti
transport [7℄, whih showed that partiles move in a re-
dued eetive magneti eld (or, alternatively, have a
redued harge) whih approahes zero as ν → 1/2.
Rezayi and Read [8℄ proposed a mirosopi wave fun-
tion for the ν = 1/2 state, whih agrees very well with ex-
at results for small systems. The theory for the ν = 1/2
state was later further developed by several groups [9℄,
and a desription in terms of neutral dipoles was pro-
posed.
In spite of the impressive agreement between theory
and experiment there are, in our opinion, important ques-
tions regarding the physis in the lowest Landau level
that remain to be answered. There is no real understand-
ing of why the strongly orrelated eletron system in the
lowest Landau level, at various lling frations, beomes
a system of weakly interating omposite fermionsno
ontrolled mirosopi derivation of the mean eld the-
ory at ν = 1/2 or, for that matter, of the omposite
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fermion desriptions at other lling frations exists.
Here we study the interating eletron gas in the lowest
Landau level at ν = 1/2 on a thin torus. We obtain an ex-
at solution for a partiular short-range eletron-eletron
interation that is relevant for a torus with irumferene,
L1, of the order of the magneti length. The low-energy
setor onsists of free neutral one-dimensional fermions.
Expressed in terms of the original eletrons, these "om-
posite fermions" are nearest neighbor eletron-hole pairs,
exitons, with a hard-ore onstraint. This thus provides
a dipole piture of the ν = 1/2 state. The ground state is
a homogeneous Fermi sea of the neutral fermions, whih
supports gapless neutral exitations.
Figure 1: Phase diagram for ν = 1/2 on a torus, where one
irumferene, L1, varies while the other is innite. For a
thin torus, L1 ∼ 5 magneti lengths, the ν = 1/2 system
is that of noninterating neutral one-dimensional fermions
(dipoles). The question mark indiates whether the state de-
velops ontinuously into the bulk ν = 1/2 state or whether
there is a phase transition. Based on the similarities of
the state at short L1 and the bulk state, suh as a homoge-
neous ground state and neutral gapless exitations, we onje-
ture that there is no phase transition. This suggests a one-
dimensional desription of the bulk ν = 1/2 state as a Lut-
tinger liquid rather than as a free two-dimensional Fermi gas.
(For very short L1 a rystalline state determined by eletro-
statis alone is obtained.)
The low-energy setor has many features in ommon
with the bulk ν = 1/2 state, suh as a homogeneous
ground state and gapless neutral exitations, and we on-
jeture that it develops ontinuously into the bulk state
as L1 → ∞, rather than being separated from this by
a phase transition, see Fig. 1. This suggests a one-
dimensional desription of the bulk ν = 1/2 state as a
2Luttinger liquid rather than as a two-dimensional Fermi
gas [10℄.
We start by mapping the problem onto a one-
dimensional lattie model. Following Haldane and Rezayi
we onsider an eletron onned to the lowest Landau
level on a torus with lengths L1, L2 in the x and y di-
retions, respetively [11℄. In Landau gauge,
~A = −Byxˆ,
the magneti translation operators beome
T1 = e
(L1/Ns)∂x , T2 = e
(L2/Ns)(∂y+ix) , (1)
where Ns is the number of ux quanta through the sur-
fae of the torus. (The magneti length is set to one,
ℓ =
√
~c/eB = 1.) These operators ommute with
the Hamiltonian for the harged partile oupled to
~A.
Wave funtions are required to be periodi up to a phase,
TNsα Ψ = e
iφαΨ, α = 1, 2, leading to L1L2 = 2πNs and
T1T2 = e
2pii/NsT2T1. With ψ0 =
∑
n e
inL2xe−(y+nL2)
2/2
,
we obtain the T1 eigenstates ψm = T
m
2 ψ0, T1ψm =
ei2pim/Nsψm, m = 0, 1, ...Ns − 1. The states ψm span
the lowest Landau level and are loated along the lines
y = −2πm/L1. Thus we have obtained the mapping onto
a one-dimensional lattie model, where m numbers the
sites and the lattie onstant is 2π/L1.
Assuming translation invariane, the eletron-eletron
interation Hamiltonian beomes
Hee =
∑
n
∑
k>m
Vkmc
†
n+mc
†
n+kcn+m+kcn , (2)
where c†m reates an eletron in state ψm and Vkm =
Vk,−m ≥ 0. To understand the physis of the interation
it is useful to divide Hee into two parts: Vp0, the eletro-
stati repulsion between two eletrons separated p lattie
onstants, and Vm+p,m, the amplitude for two partiles
separated a distane p to hop symmetrially to a separa-
tion p+ 2m and vie versa. For a short-range real spae
eletron-eletron interation of the form V (~r) = ∇2δ(~r)
one nds Vkm = (k
2 − m2)e−2pi2(k2+m2)/L21 [12℄. When
the torus beomes thin, ie when L1 dereases, the dis-
tane 2π/L1 between the single partile states inreases,
hene fewer terms in (2) ontribute. For the ∇2δ intera-
tion one nds that the range of the interation is of the
order of six magneti lengths.
We onsider the eletron gas at lling fration ν = 1/k,
where k is an integer, and assume that the number of
eletrons νNs is an integer. The many partile states an
be hosen as T1 eigenstates with momentum κ mod(Ns)
(in units of 2π/Ns). T2 translates the system in the y-
diretion and hanges κ by νNsie by the number of
partiles. Sine T2 ommutes with the Hamiltonian, all
energy eigenstates are k-fold degenerate [11℄. (T k2 pre-
serves κ mod(Ns) and hene an be diagonalized along
with T1.)
At a xed lling fration, the eletrostati repulsion
strives to keep the partiles apart, whereas the hopping
terms favour maximally hoppable states. To nd the low
energy states is in general a very ompliated problem.
However, at ν = 1/2, the short range eletrostati and
hopping terms ooperate, leading to a simple low-energy
setor for the thin torus.
We trunate the interation in (2) and keep only the
two shortest range eletrostati terms and the shortest
range hopping term
H =
∑
n[V10nˆnnˆn+1 + V20nˆnnˆn+2
−V21(c†ncn+1cn+2c†n+3 +H.c.)] , (3)
where nˆk = c
†
kck. This provides a good approximation of
the interation on a thin torus as disussed below [13℄.
Before giving the details of our analysis we outline the
logi of the identiation of the low-energy setor of the
Hamiltonian (3) at ν = 1/2. The ruial part in (3) is the
hopping term V21. We dene a subspae H′ of the full
Hilbert spae by requiring eah pair of sites (2p− 1, 2p)
to have harge one. Ating with T2 gives an equivalent
grouping of the sites (2p, 2p + 1) insteadand a orre-
sponding subspae H′T [14℄. H′ (and H′T ) is the low-
energy setor under fairly general onditions sine it on-
tains the maximally hoppable state |100110011001....〉
whih turns out to be the seed for the ground state and is
also the lowest energy state for the V20-termand it has
a low eletrostati energy by onstrution. H preserves
the subspae H′ and the hopping term an be exatly
diagonalized in this spae giving non-interating neutral
fermions. The ground state is the one-dimensional Fermi
line obtained by lling the negative energy states, and
the exitations are gapless exitations out of this Fermi
sea. The eletrostati terms in (3) are less ruial. At
V10 = 2V20 all states in H′ have the lowest possible ele-
trostati energy and we argue perturbatively that H′ is
the low energy setor. However, we expet this to be true
under more general onditions.
We now present our analysis for the trunated Hamil-
tonian (3) at ν = 1/2 and V10 = 2V20 ≡ 2α . The
eletrostati part, H |V21=0, then has the eigenstates
|n1n2...nNs〉, where ni = 0, 1 and |1〉 = c†|0〉, with en-
ergies
E0 = α
(Ns
2
+ n111 + n000
)
. (4)
Here, n111 (n000) is the number of 3-strings, ie strings
onsisting of three nearby eletrons (holes) in n1n2...nNs
(a string of length k ≥ 3 is ounted as k − 2 strings and
periodi boundary onditions are assumed). Thus there
is a degenerate ground state manifold H0 onsisting of
all states where at most two eletrons or two holes are
next to eah other. Note that H′ ⊂ H0. The exita-
tions are 3-strings of either eletrons or holes and eah
3-string has energy α. The statement about H0 follows
by indution if the states without 3-strings for Ns sites
are onstruted by inserting an eletron and a hole in
Ns− 2 states without 3-strings. The energy of a 3-string
follows by onsidering the hange in energy of one or sev-
eral 3-strings when moving one onstituent.
3To diagonalize H in H′, we proeed as follows. There
are two possible states for a pair of sites inH′: | ↓〉 ≡ |01〉
and | ↑〉 ≡ |10〉 and it is natural to introdue the spin
raising operator s+p = c
†
2p−1c2p, | ↑〉 = s+| ↓〉. On
states in H′, s+, s− = (s+)† desribe hard ore bosons
they ommute on dierent sites but antiommute on the
same site and H is the nearest neighbor spin-1/2 XY
hain. Expressing the bosons in terms of fermions d
using the Jordan-Wigner transformation, s−p = Kpdp,
where Kp = e
ipi
∑p−1
j=1
d†
j
dj
, the Hamiltonian (3) is simply
that of free fermions, H = αNs2 + V21[
∑Ns/2−1
p=1 d
†
p+1dp +
d†1KNs/2dNs/2 +H.c.], when restrited to H′ [15℄. Thus,
after a Fourier transformation, the ground state is ob-
tained by lling all the negative energy states. This state
has energy E = α2 − V21pi per site (if Ns → ∞) and sup-
ports neutral gapless exitations. One readily nds that
〈c†mcn〉 = 12δmn, and hene the state is homogeneous.
This solves the problem in H′ and, by ation of T2, in
H′T . It remains to onsider the states in the ground state
manifold H0 that are in neither of these subspaes. We
will now argue that these are separated from the ground
state by a gap of order V21 generated by the hopping
term in H . Intuitively, this makes sense sineH′ ontains
the maximally hoppable state |01100110011....110〉. Note
that whereas H′ is invariant under H , other states in H0
may mix with states not in the ground state manifold.
Our proedure will be to simply diagonalize H in the
ground state manifold H0.
To desribe a general state in H0, we introdue the
notation |a〉 ≡ |00〉 and |b〉 ≡ |11〉, along with | ↓〉 and
| ↑〉, for the states on sites (2p − 1, 2p). H ontains the
hopping terms: ↑↓↔↓↑, ↓ a ↑↔ aba, ↑ b ↓↔ bab, ↑
ba ↔ ba ↑ and ↓ ab ↔ ab ↓all with strength V21.
A general state is uniquely desribed by a string of ↑
, ↓, a and b and an be haraterized by the number d of
alternatingH′ andH′T domains it is built up of. Any pair
↑↓ or ↓↑ belongs to H′ and any a or b belongs to H′Ta
polarized string ↑↑↑↑ .... or ↓↓↓↓ .... an however belong
to either domain. This implies that there is a domain
wall in between ↑↓ (or ↓↑) and a (or b)ounting the
number of domain walls gives d for a general state.
A state is a ν = 1/2 state if it has an equal number of
a′s and b′s and belongs to H0 if it does not ontain any
of the nearest neighbor ombinations (aa), (bb), (a ↓),
(b ↑), (↑ a) or (↓ b). It is straightforward to show that
d is preserved by H . The states in H′ and H′T are the
d = 1 states. In the d = 2 setor, we onsider rst the
states with one a and one b next to eah other, ab or
ba, in a string of spins. These d = 2 states are mapped
into eah other under H . To be in H0, ab must enter as
X ≡↓ ab ↓. Under H , this hops just like ↑: X ↓↔↓ X
with matrix element V21. Thus the problem is equivalent
to the H′ problem with Ns − 6 sites and one nds that
these states are separated from the ground state in H′
by a gap of order V21. By onsidering how hoppable the
states are we expet the states just onsidered to be the
lowest energy states in the d = 2 setor. We have veried
this by exat diagonalization inH0 of up toNs = 18 sites.
The d ≥ 3 states ontain more domain walls and it is easy
to see that the hopping beomes more restritedthus
we expet them to have higher energy. We have veried
this numerially for Ns ≤ 18. Thus we onlude that
H′ and H′T give the low-energy setor of the theorythe
remaining states in H0 are separated from the ground
state by a gap of order V21.
We now onsider the stability of the solution we have
obtained for H in (3) when V10 = 2V20 and investigate
whether it desribes the ν = 1/2 state on a thin torus
for a range of L1. We rst note that for the real spae
short-range interation V (~r) = ∇2δ(~r), V10 = 2V20 = 2α
orresponds to L1 = 2π/
√
2 ln 2 = 5.3. The hopping term
inluded in (3) is then V21 =
3
8α, whereas the leading
ignored terms are small: V30 =
9
128α and V31 =
1
32α.
This is lose to the solvable point.
We have performed density matrix renormalization
group (DMRG) [16℄ studies on a thin ylinder with the
Hamiltonian (2) and V (~r) = ∇2δ(~r) inluding intera-
tions that extend over up to six lattie onstants [17℄.
We nd a ground state that is homogeneous to very high
auray and strong indiations of gapless exitations in
the region around L1 = 2π/
√
2 ln 2 that we have inves-
tigated (4 . L1 . 8). (When L1 is even smaller, the
ground state is a rystal | ↑↑↑↑↑↑ .... ↑〉the lowest en-
ergy state for the shortest range eletrostati term V10.)
The low energy setor at the solvable point (H in (3)
with V10 = 2V20) is ontained in the spin-1/2 Hilbert
spae H′. The states not in H′ are separated from the
low energy states by a gap. Small perturbations of the
Hamiltonian around the solvable point lead, in perturba-
tion theory, to an eetive spin-1/2 Hamiltonian in H′.
The generated terms are spin operators of quadrati and
higher order. They all have small oeients sine there
is a gap to states not in H′ (the matrix elements for tran-
sitions to states inH′T vanish). All terms are irrelevant in
the sense of the renormalization group, exept for szi s
z
i+n
whih makes the noninterating fermion theory develop
into a Luttinger liquid with interation parameterK 6= 1
(at the solvable point K = 1), see eg [18℄.
To obtain the general eetive Hamiltonian expliitly is
non-trivial. However, the eletrostati terms, Vm0, pre-
serve H′ and simply beome ∑i,n[(2V2n,0 − V2n−1,0 −
V2n+1,0)s
z
i s
z
i+n]. The hopping terms, Vmn, will, in gen-
eral, ontribute in seond order perturbation theory.
Based on the renormalization group argument, and
supported by the DMRG alulations, we onlude that
the ν = 1/2 system on a thin torus is a Luttinger liquid
for a nite range of L1 and that the generation of s
z
i s
z
i+n
terms indiates that the interation parameter that de-
termines the deay of orrelation funtions is shifted from
its value at the solvable point.
When L1 inreases further, there is either a phase tran-
sition or the state develops ontinuously into the bulk
ν = 1/2 state. We onjeture that the latter is the ase.
The main support for this omes from the striking sim-
ilarities of the low-energy setor on the thin torus and
4the omposite fermion desription of the bulk state, most
notably the homogeneous ground state and the gapless
neutral exitations. Furthermore, we note that the redu-
tion of the Hilbert spae to H′ by itself implies that the
harge on average is homogeneousthis, or some suitable
generalization thereof, is likely to be a good approxima-
tion also when L1 inreases and longer range interations
ome into play.
Further support for our onjeture omes from onsid-
ering the Laughlin lling fration ν = 1/3 [19℄. Rezayi
and Haldane have shown that the Laughlin state is the
ν = 1/3 ground state also on a thin ylinder and that it
develops ontinuously from a harge density wave state
into the homogeneous Laughlin state as L1 → ∞ [20℄.
Our DMRG alulations agree with thiswe nd, us-
ing (2), for a range of L1 a harge density wave state
in quantitative agreement with that of Rezayi and Hal-
dane. Thus the ν = 1/3 ground state of the short range
Hamiltonian develops ontinuously into the homogeneous
Laughlin state as L1 →∞. This lends some support for
our onjeture that the ν = 1/2 state also develops adi-
abatially. However, in this ase there is no gap and the
issue is more deliate. The argument would be strength-
ened if the piture of the ν = 1/2 state given above ould
be shown to generalize to the ν = 1/3 state on the thin
torus, in whih ase it should be relevant also for the bulk
ν = 1/3 state. The mapping of the low energy setor at
ν = 1/2 onto an s = 1/2 XY -spin hain, would then
presumably generalize into a mapping of ν = 1/3 onto
an s = 1 hain. In passing, we note that this suggests
that the Haldane onjeture for the gaps in spin hains
[21℄ might apply to the two-dimensional eletron gas in
a strong magneti eld.
The thin torus, or ylinder for that matter, with a mag-
neti eld perpendiular to its surfae is probably not
experimentally aessible. Thus, the experimental on-
sequenes of the results in this Letter presumably depend
on whether the results are appliable, mutatis mutandis,
to the bulk ase as we onjeture. Our onjeture implies
that the ν = 1/2 state is a one-dimensional Luttinger
liquid rather than a two-dimensional Fermi theory. We
predit that this leads to observable eets in the bulk
ν = 1/2 system, suh as non-linear I − V harateristis
determined by the Luttinger liquid interation parame-
ter.
If our onjeture is orret, then it should be possible to
understand the experimental results that are suessfully
explained by the standard omposite fermion theory [4℄,
suh as the ballisti transport and the surfae aousti
wave results. We note that the appearane of low-energy
exitations that are neutral, and hene do not ouple to
the magneti eld, is onsistent with the ballisti trans-
port results.
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